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A FINITE GENERATING SET FOR THE LEVEL 2 TWIST 
SUBGROUP OE THE MAPPING CLASS GROUP OF A CLOSED 
NON-ORIENTABLE SURFACE 

RYOMA KOBAYASHI AND GENKI OMORI 


Abstract. We obtain a finite generating set for the level 2 twist subgroup of 
the mapping class group of a closed non-orientable surface. The generating 
set consists of crosscap pushing maps along non-separating two-sided simple 
loops and squares of Dehn twists along non-separating two-sided simple closed 
curves. We also prove that the level 2 twist subgroup is normally generated 
in the mapping class group by a crosscap pushing map along a non-separating 
two-sided simple loop for genus 5 > 5 and g = S. As an application, we 
calculate the first homology group of the level 2 twist subgroup for genus 
g > 5 and g = 3. 


1 . Introduction 

Let Ng n be a compact connected non-orientable surface of genus g > I with 
n > 0 boundary components. The surface Ng = Ng Q is a connected sum of g 
real projective planes. The mapping class group Al(Ag_„) of Ng^n is the group 
of isotopy classes of self-diffeomorphisms on Ng^n fixing the boundary pointwise 
and the twist subgroup T{Ng^n) of M{Ng^n) is the subgroup of M{Ng^n) gener¬ 
ated by all Dehn twists along two-sided simple closed curves. Lickorish [7] proved 
that T{Ng) is an index 2 subgroup of Ai{Ng) and the non-trivial element of 
M.{Ng)/T{Ng) = Z/2Z =: Z 2 is represented by a “Y-homeomorphism”. We define 
a Y-homeomorphism in Section!^ Chillingworth [1] gave an explicit finite generat¬ 
ing set for T{Ng) and showed that T{N 2 ) = Z 2 . The first homology group Hi{G) 
of a group G is isomorphic to the abelianization of G. The group Hi{T{Ng)) 
is trivial for g >7, HilTiNs)) = Z 12 , Hi{T{N 4 )) = Z 2 © Z and Hi{T{Ng)) = Z 2 
for 51 = 5, 6 . These results were shown by Korkmaz [5] for g > 7 and by Stukow [10] 
for the other cases. 

Let be a compact connected orientable surface of genus g > 0 with n > 0 
boundary components. The mapping class group AI(Eg_„) of is the group 
of isotopy classes of orientation preserving self-diffeomorphisms on Eg,n fixing the 
boundary pointwise. Let S be either Vg „ or Eg „. For n = 0 or 1, we denote 
by r 2 (S') the subgroup of M{S) which consists of elements acting trivially on 
i7i(S';Z2). r2(5') is called the level 2 mapping class group of S. For a group G, 
a normal subgroup H oi G and a subset X oi H, H is normally generated in G 
by X a H is the normal closure of X in G. In particular, for X = {xi,... ,Xn}, 
if H is the normal closure of X in G, we also say that H is normally generated 
in G by xi,... ,Xn- In the case of orientable surfaces, Humphries [3] proved that 
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r 2 (Sg^„) is normally generated in by the square of the Dehn twist along 

a non-separating simple closed curve for g > 1 and n = 0 or 1. In the case of non- 
orientable surfaces, Szepietowski m proved that r 2 {Ng) is normally generated in 
Ai{Ng) by a Y-homeomorphism for g > 2. Szepietowski [12] also gave an explicit 
finite generating set for T 2 {Ng). This generating set is minimal for g = 3, 4. Hirose 
and Sato [2] gave a minimal generating set for r 2 {Ng) when g > 5 and showed that 

H^{T2{Ng)) ^ 

We denote by T2{Ng) the subgroup of T{Ng) which consists of elements acting 
trivially on Hx{Ng\Z 2 ) and we call l^iNg) the level 2 twist subgroup of M{Ng). 
Recall that T{N 2 ) = Z 2 and Chillingworth [1] proved that T(A^ 2 ) is generated by 
the Dehn twist along a non-separating two-sided simple closed curve. 72 (^^ 2 ) is 
a trivial group because Dehn twists along non-separating two-sided simple closed 
curves induce nontrivial actions on Hx{Ng\ Z 2 ). Let Aut(i7i(iVg; Z 2 ), •) be the group 
of automorphisms on Hi{Ng; Z2) preserving the intersection form ■ on Hi{Ng] Z2). 
Since the action of M.{Ng) on Hi(Ng;Z2) preserves the intersection form •, there 
is the natural homomorphism from A 4 {Ng) to Aut( 7 fi( 7 Vg; Z2), •). McCarthy and 
Pinkall jS] showed that the restriction of the homomorphism to T{Ng) is surjective. 
Thus T 2 {Ng) is hnitely generated. 

In this paper, we give an explicit finite generating set for T^iNg) (Theorem EH]). 
The generating set consists of “crosscap pushing maps” along non-separating two- 
sided simple loops and squares of Dehn twists along non-separating two-sided simple 
closed curves. We review the crosscap pushing map in Section [2] We can see the 
generating set for T 2 {Ng) in Theorem 13. II is minimal for g = 3 by Theorem 1 1. 21 We 
prove Theorem l3.1l in Section [3] In the last part of Subsection 13.21 we also give the 
smaller finite generating set for T^iNg) (Theorem 13.141) . However, the generating 
set consists of crosscap pushing maps along non-separating two-sided simple loops, 
squares of Dehn twists along non-separating two-sided simple closed curves and 
squares of Y-homeomorphisms. 

By using the finite generating set for 72 (Ag) in Theorem 13.11 we prove the 
following theorem in Section 0] 

Theorem 1.1. For g = 3 and g > 5, 'VziNg) is normally generated in A4{Ng) by a 
crosscap pushing map along a non-separating two-sided simple loop (See Figure QJ). 

72 (^ 4 ) is normally generated in M^N^) by a crosscap pushing map along a 
non-separating two-sided simple loop and the sguare of the Dehn twist along a non¬ 
separating two-sided simple closed curve whose complement is a connected orientable 
surface (See Figure\^. 

The x-marks as in Figure[l]and Figure[2]mean Mobius bands attached to bound¬ 
ary components in this paper and we call the Mobius band the crosscap. The group 
which is normally generated in Ai{Ng) by the square of the Dehn twist along a 
non-separating two-sided simple closed curve is a subgroup of 72 (Ag) clearly. The 
authors do not know whether 72 (Ag) is generated by squares of Dehn twists along 
non-separating two-sided simple closed curves or not. 

As an application of Theorem ll.il we calculate i 7 i( 72 (Ag)) for g > 5 in Section^] 
and we obtain the following theorem. 
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Figure 1. A crosscap pushing map along a non-separating two- 
sided simple loop is described by a product of Dehn twists along 
non-separating two-sided simple closed curves as in the figure. 




Figure 2. A non-separating two-sided simple closed curve on A ^4 
whose complement is a connected orientable surface. 


Theorem 1.2. For g = 3 and g > 5, the first homology group of T^^Ng) is as 
follows: 




I? ® 1.2 


if 9 = 3, 
if g > 5. 


In this proof, we use the five term exact sequence for an extension of a group for 
g > 5. The authors do not know the first homology group of 72(A^4)- 


2. Preliminaries 

2.1. Crosscap pushing map. Let 5 be a compact surface and let e : D' ^ intS” 
be a smooth embedding of the unit disk D' C C. Put D := e{D'). Let S' be the 
surface obtained from S — intD by the identification of antipodal points of dD. We 
call the manipulation that gives S' from S the blowup of S on D. Note that the 
image M of the regular neighborhood of dD in S' — intZl by the blowup of S on 
H is a crosscap, where a crosscap is a Mobius band in the interior of a surface. 
Conversely, the blowdown of S' on M is the following manipulation that gives S 
from S'. We paste a disk on the bonndary obtained by cutting S along the center 
line /i of M. The blowdown of S' on M is the inverse manipulation of the blownp 
of S on D. 

Let xq be a point of Ng-i and let e : D' ^ -^g-i be a smooth embedding of a 
unit disk U' C C to A^g-i such that the interior of D := e{D') contains xq. Let 
M{Ng-i,Xo) be the group of isotopy classes of self-diffeomorphisms on Ng-i fixing 
the point xq, where isotopies also fix xq. Then we have the blowup homomorphism 

<p:M{Ng_i,XQ)^MiNg) 
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that is defined as follows. For h G A4(Ng-i,xo), we take a representative h! of h 
which satisfies either of the following conditions: (a) h'\D is the identity map on Z?, 
(b) h'{x) = e(e~^{x)) for x G D. Such h' is compatible with the blowup of ZVg-i 
on D, thus G M{Ng) is induced and well defined (c.f. [TTJ Subsection 2.3]). 
The point pushing map 

j : ni{Ng_i,Xo) ^ M{Ng_i,xo) 

is a homomorphism that is defined as follows. For 7 G 7 ri(ZVg_i, ccq), jij) G 
M{Ng-i,Xo) is described as the result of pushing the point Xg once along 7 . Note 
that for x,y G ni{Ng-i), yx means yx{t) = x(2t) for 0 < t ^ and yx{t) = y{2t—l) 
for i < t < 1 , and for elements [/], [g] of the mapping class group, [f][g] means 

We define the crosscap pushing map as the composition of homomorphisms: 

41 := (fioj : 7ri(7Vg_i,xo) M{Ng). 

For 7 G 7 ri(Ng-i, xq), we also call '0(7) the crosscap pushing map along 7 . Remark 
that for 7 , 7 ' G 7 ri( 7 Vg_i, xq), ' 0 ( 7 )' 0 ( 7 ') = ' 0 ( 77 '). The next two lemmas follow 
from the description of the point pushing map (See [ 6 j Lemma 2.2, Lemma 2.3]). 

Lemma 2.1. For a two-sided simple loop 7 on Ng-i based at xg, suppose that 71 , 
72 are two-sided simple closed curves on Ng-i such that 71 U 72 is the boundary 
of the regular neighborhood N of j in Ng-i whose interior contains D. Then for 
some orientation of N, we have 

0(7) = = t 7 I%^ 

where 7 ^ are images 0 / 71 , 72 to Ng by blowups respectively (See Figure\^. 

Let /r be a one-sided simple closed curve and let a be a two-sided simple closed 
curve on Ng such that p and a intersect transversely at one point. For these simple 
closed curves p and a, we denote by a self-diffeomorphism on Ng which is 
described as the result of pushing the regular neighborhood of p once along a. 
We call F0,a a Y-homeomorphism (or crosscap slide). By Lemma 3.6 in |11] . Y- 
homeomorphisms are in r 2 (iVg). 

Lemma 2.2. Suppose that 'y is a one-sided simple loop on Ng_i based at Xg such 
that 7 and dD intersect at antipodal points of dD. Then we have 

0 ( 7 ) = 

where ^ is a image of 7 to Ng by a blowup and p is a center line of the crosscap 
obtained from the regular neighborhood of dD in Ng-i by the blowup of Ng-i on D 
(See Figure\^. 

Remark that the image of a crosscap pushing map is contained in T 2 {Ng). By 
Lemma lrTl if 7 is a two-sided simple loop on Ng, then 0 ( 7 ) is an element of T 2 {Ng). 
We remark that Y-homeomorphisms are not in T{Ng) (See [7]). 

2.2. Notation of the surface Ng. Let Ci : Eg for i = 1, 2,..., 5 be smooth 

embeddings of unit disks D' C C to a 2-sphere Eg such that Di := ei{D'f) and 
Dj are disjoint for distinct 1 < 0 j < 5 , and let Xi G Eg for i = 1, 2,..., g he g 
points of Eg such that Xi is contained in the interior of Di as the left-hand side 
of Figure [H Then Ng is diffeomorphic to the surface obtained from Eg by the 
blowups on Di,..., Dg. We describe the identification of dDi by the x-mark as 
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Figure 3. A crosscap pushing map along two-sided simple loop 7 . 


Y ~ 

fJ-,! 


Figure 4. A crosscap pushing map along one-sided simple loop 7 
(Y-homeomorphism 

the right-hand side of Fignre [5l We call the crosscap which is obtained from the 
regular neighborhood of dDi in Eg by the blownp of Eg on Di the i-th crosscap. 
We denote by the snrface obtained from Eg by the blownps on Di for every 

(k) 

i ^ k. is diffeomorphic to Let Xk-i be a simple loop on Ng based at 

Xk for i 7 ^ fc as Figured Then the fundamental group = TTi^N^^.Xk) of 

has the following presentation. 

= {Xk-l, . . . ,Xk-k-l,Xk-k+l, ■ ■ ■ ,Xk-,g I = l)- 





snrface Ng. 

2.3. Notations of mapping classes. Let ipk '■ — >■ M.{Ng) be the cross¬ 
cap pushing map obtained from the blowup of on Dk and let be 
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Figure 6 . The simple loop Xk-,i for 1 < i < /c — 1 and Xk-j for 
k + l<j<g on based at Xk- 


the subgroup of 7ri(iVg^\) generated by two-sided simple loops on based at 

Xk- By Lemma I^Tl we have '0fc(7ri( 7 Vg^i\)+) C T2{Ng). We define non-separating 

two-sided simple loops ak-,i,j and ( 3 k-,r,3 on based at Xk as in Figure [ 7 ] for dis¬ 
tinct 1 < * < j < (? and \ <k < g. We also define oik-,3,1 '■= oik-,1,3 and ( 3 k-,j,i ■= f3k-,i,3 

for distinct 1 < * < j < <? and 1 <k < g. We have the following equations; 

oik-,i,3 = Xk-,iXk-,j ior i < j < k or j < k < i or k <i < j, 

( 3 k-,i,j = Xk-,jXk-i for i < j < fc or j < k < i or k <i < j. 

Denote the crosscap pushing maps ak-,i,3 := tpkic(k-,i,j) and bk-^ij := tpkil 3 k;i,j)- Re¬ 
mark that ak-,i,j and bk-,i,3 are contained in the image of tjjk\ ij^w i+- Let 7] be the 
self-diffeomorphism on Ng which is the rotation of Ng such that r] sends the z-th 
crosscap to the {i -I- l)-st crosscap for 1 < * < 5 — 1 and the (7-th crosscap to the 
1 -st crosscap as Figure [8] Then we have ak-,i,3 = 'q’^~^ai.i-k+i,3-k+i'n~^^~^^ and 
bk-,i,3 = for each distinct 1 < i,j,k < g. 



Figure 7 . Two-sided simple loops ak-,i,3 and l 3 k-,i,j on based 
at X • 


For distinct ii,i2, ■ ■ ■ ,in € { 1 , 2 ,..., g}, we define a simple closed curve 
on Ng as in Figure HI The arrow on the side of the simple closed curve 
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Figure 8 . The self-diffeomorphism rj on Ng. 

in Figure [ 9 ] indicates the direction of the Dehn twist along if 

n is even. We set the notations of Dehn twists and Y-homeomorphisms as follows: 

Tij := taij for 1 < i < j < g, 

■= for g > 4 and 1 <i < j < k <l < g, 

Yij := Ycn^ai^j = i’iixi-j) for distinct 1 < *, j < 5- 

Note that and T-T ^ ^ are elements of T2{Ng), Yij is an element of r2(A^g) but 
Yij is not an element of T^iNg). We remark that ak-,ij = ■ = T^j for any 

distinct i, j, fc S { 1 , 2 , 3 } when g = 3 . 



Figure 9. The simple closed curve 


on Ng. 



3. Finite generating set for TziNg) 

In this section, we prove the main theorem in this paper. The main theorem is 
as follows: 

Theorem 3.1. For g > 3 , TziNg) is generated by the following elements: 

(1) ^k-k—l^k+1; —1,/c+l ^ k ‘f- g ^ and 

i ^ k — \,k, 

(ii) 01:2,4; ^fc;i,4; oz;i,3 for fc = 2 , 3 and 4 : < I < g when g is odd, 

(hi) Tf ^ ^ ; for 2 <j<k<l<g when g > 4 , 

where the indices are considered modulo g. 

We remark that the number of generators in Theorem 13 .II is ^{g^ + Qg^ + 55 — 6) 
for g > 4 odd, ^{g^ + 6 g^ — g — 6 ) for g > 4 even and 3 for g = 3 . 
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3.1. Finite generating set for First, we have the following lemma: 

Lemma 3.2. For g >2, is an index 2 subgroup of 

Proof. Note that is generated by Xk-,i, ■■■, Xk-,k-i,Xk-k+i, ■ • ■, Xk-,g. If 3 = 

2 , 7 ri(iVg^i\) is isomorphic to Z 2 which is generated by a one-sided simple loop. 

Hence 7 ri(A^g^^]^)+ is trivial and we obtain this lemma when g = 2. 

We assume that g > 3. For i ^ k, we have 

^k;i — ^k;k—l * ^k-,k — lXk-,i- 

Since Xk;k-iXk-i = Pk;i.k-i G the equivalence classes of Xk-,i and 

in 7 ri(A^g^\)/ 7 ri(iV^^\)+ are the same. We also have 

Xk;k — 1 = ^k\k—l ' ^k;k — l- 

Since x'^.f._i € , the equivalence classes of Xk-,k-i and x~^^f._^ in 

are the same. Thus 7 ri(iVg^\)/ 7 ri(A^g^\)+ is generated by 
the equivalence class [xk-,k-i\ whose order is 2 and we have completed the proof of 
Lemma 13.21 □ 

is diffeomorphic to the surface on the left-hand side (resp. right-hand 
side) of Figure HU] when g — 1 = 2h + 1 (resp. 9 — 1 = 2ft, + 2). We take a 
diffeomorphism which sends Xk-^i for i k and Xk as in Figure |U| to Xk-^i for i ^ k 
and Xk as in Figure [10] and identify with the surface in Figure [10] by the 

(k) (k) 

diffeomorphism. Denote by pk ■ ^g-i ^g-i orientation double covering 

of as in Figure ITT] Then Hk ■= (pfe)*(7ri(A^g^\)) is an index 2 subgroup 

of TTi{Ng^^). Note that when g — 1 = 2h + 1, 7 ri(A^g^\) is generated by yk-i for 

1 < i < 4ft, and when g — \ = 2ft-|-2, 7 ri(N"g^\) is generated by pk-^i for 1 < i < 4ft-|-2, 

where yk-,i is two-sided simple loops on based at the lift 5^ of Xk as in Figure ITT] 
We have the following Lemma. 

Lemma 3.3. For g — 1 > 1 and 1 < k < g, 

Proof. Note that 7 ri(A^g^\)+ is an index 2 subgroup of 7 ri( 7 Vg^)\) by Lemma [3?2l It 
is sufficient for proof of Lemma [3?3l to prove Flk C 7 ri(A^g^\)+ because the index of 
Hk in 7 ri(iV^ 5 :\) is 

2 = : Hk] = : 7ri(iV(^\)+][7ri(iV(^\)+ : Hk] 

= 2-[7T,{N^g%)+ -.Hk] 

iiHkC7Ti{N^g%)+. 

We define subsets of tti as follows: 

•— \^^k-j-\-l^k',j j ^k-,k-\-l^k;k—l \ ^ ^ j ^ 9 ^5 j ^ ^ ; 

B := {Xk-,jXk;j + l^^k-k-lXk;k+l I 1 < j < 5 - 1, j ^ k - l,k}, 
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(k) 

Figure 10. is diffeomorphic to the surface on the left-hand 

side (resp. right-hand side) of the figure when g — 1 = 2h + l (resp. 
g—1 = 2h+2). We regard the above surface on the left-hand side as 
the surface identified antipodal points of the boundary component, 
and the above surface on the right-hand side as the surface attached 
their boundary components along the orientation of the boundary. 


- iffc = l. 

is generated by yk;i- For i <2h when g — 1 = 2h + 1 (resp. i <2h +1 
when g — 1 = 2h +2), we can check that 

if 2 < i < 2 h and g — 1 = 2 /i -|- 1 , 
if z = 1 and g — 1 = 2h + 1, 
if 2 < z < 2 h -I- 1 and g — 1 = 2h + 2, 
if z = 1 and g — 1 = 2h + 2, 




{pk)*{yk-,z) = 


^k\g^k\g—l 
^k\p{i+l) '^k\p{i) 
^k\g^k\g—l 


and {pk)*{yk\i) is an element of A, where p is the order reversing bijection from 
{1,2,..., 2h} (resp. {1,2,..., 2h+l}) to {1, 2,... ,g—l}—{k}. Since if g—1 = 2h+l 
and g — 1 = 2h' + 2 , we have 


{Pk)*{yk-2h+l) 
{Pk)*{Vk-2h’+2) 


4-1 

iik^l, 

4,2 

if /c = 1 , 

4;1 

iffc^l. 

4,2 

if = 1 , 


{Pk)*{yk- 2 h+i) and {pk)*{yk- 2 h'+ 2 ) are elements of C respectively (See Figure [I2|). 
Finally, for z > 2/z -|- 2 when g — 1 = 2h+l (resp. z > 2h -|- 3 when g = 2/z -|- 2), we 
can also check that 

if 2/1 -I- 2 < z < 4h — 1 and g — 1 = 2h + l, 
if z = 4/1 and g — 1 = 2h + 1, 
li 2h + i < i < Ah + 1 and g — 1 = 2h + 2, 
if z = 4/1 -|- 2 and g — 1 = 2 h -|- 2 , 

ana [Pk)*(yk-i) = 2 ^fe;p'(i)a;fc;p'(i+i) is an element of B, where p' is the order preserv¬ 
ing bijection from {2h + 2,2h + S,..., Ah} (resp. {2h + 3, 2/z -|- 4,..., 4/i + 2}) to 
{1, 2,... ,g — 1} — {k} (See Figure fOl). We obtain this lemma. 


{pk)*{yk-i) = 


^k\p' {i)^k\p' 
^k\g— 1 ^k;g 
^k\p' {i)^k-,p' 
^k]g— 1 ^k;g 
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(k) 

Figure 11. The total space of the orientation double cov¬ 
ering pk of and two-sided simple loops yk-i on based at 
Sfe- 


g - 1 = 2fo + 1 


g - 1 = 2fo + 2 




fc = 1. 

By the proof of Lemma 13.31 we have the following proposition. 

Proposition 3.4. For g >2, is generated by the following elements: 
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g-\ = 2h + \ 





Figure 13. The representative of Xk-jXk-j+i and Xk-^k-iXk-k+i for 
j ^k-l,k. 

(1) Xk;i-\-lXk;i: Xk;iXk;i-\-l7 Xk;k+lXk;k — l ^ Xk;k—lXk;k+l /OT 1 ^ i ^ fj 1 0,Tld 
i ^ k — l,k, 

(2) x ‘^.2 when k = \, 

(3) xj..i when 2 < k < g. 

We remark that Xk;i-\-lXk-i — Pk;i,i+l 7 Xk;iXk-i+l — Xk;k+lXk;k—l — 

ak-,k-i.k+i, Xk-,k-iXk-k+i = /?fc;fc-i,fc+i and Let G be the subgroup of 

TiiNg) generated by U|^;^'0fe(7ri(7Vg^\)+). The next corollary follows from Propo¬ 
sition 13.41 immediately. 

Corollary 3.5. For g > 2, G is generated by the following elements: 

(i) ak■i,^+l, bk■i,^+l, ak-k-i,k+i, bk-k-i.k+i forl<k<g,l<i<g-l and 
i ^ k — l,k, 

(ii) when 2 < j < g, 

where the indices are considered modulo g. 

The simple loop xj,.^ and xj ,.2 are separating loops. By the next proposition, 
'Ti(A^g^\)“'' is generated by finitely many two-sided non-separating simple loops. 

Proposition 3.6. For g >2, is generated by the following elements: 

(1) Xk‘i-\-lXk;i ^ Xk'^iXk;i-\-l 7 Xk;k-\-lXk;k—l 7 Xk;k—lXk;k-\-l /OT 1 ^ ^ ^ ^ and i 
k — l,k, 

(2) Xk; 2 Xk -4 when k = 1 and g — 1 is even, 

(3) Xk-,iXk -4 when k = 2,3 and g — 1 is even, 

(4) Xk:iXk ;3 when 4: < k < g and g — 1 is even, 
where the indices are considered modulo g. 

Proof. When g — 1 is odd, since we have 

xl.2 = a;i;2a;i;3 • xf^xf^^ ■ Xi-^Xi-^^ . ■ Xl;gXi.2 
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and 


^k;l — ^k;l^k;2 * * ^k;^^k;4 . ^k\g—l^k;g ‘ ^k',g^k-l 

for 2 < k < g, this proposition is clear. 

When g — 1 is even, we use the relation 

2 2 2 2 _ 1 
Xk-i ■ • ■ l^A:;fc+l ■ ■ * ^k-,g 

For fc = 1, we have 

*i;2 = a^i;2Xi;4 • xi;4Xi;5.xi;ga;i;2 ’ a;i;2Xi;3 ' a;i;3a;i;2- 

By a similar argument, we also have following equations: 






^3;l = a:3;ia:^3;4 ' a:^3;4a^3;5. Xs-gXs-i • a:3;iX3;2 • X3;2X3;1 if fc = 3, 


'Xk]g^k;l * Xk;lXk‘,2 ' Xk‘,2^k;l 


if 4: < k < g. 


We obtain this proposition. 


□ 



Pk-, 1,4 for fc = 2, 3 and Xk-,iXk -,3 = offcp.s for 4 < k < g. By the above remarks, we 
have the following corollary. 

Corollary 3.7. For g > 2, G is generated by the following elements: 

(1) bk-i^i^i, eik;k—i^k 4 -i} i,fc+i /or and 

i ^ k — l,k, 

(ii) ai: 2 , 4 ; 6 fe;i, 4 , ai;i ,3 for fc = 2, 3 and 4 < I < g when g is odd, 
where the indices are considered modulo g. 

3.2. Proof of Main-Theorem. First, we obtain a finite generating set for T 2 {Ng) 
by the Reidemeister-Schreier method. We use the following minimal generating set 
for r 2 (A^g) given by Hirose and Sato [2] when g > 5 and Szepietowski [12] when 
5 = 3,4 to apply the Reidemeister-Schreier method. See for instance |4] to recall 
the Reidemeister-Schreier method. 

Theorem 3.8. pi IT^ For g > 3, r 2 (iVg) is generated by the following elements: 

(1) for 1 <i < g - 1, 1 < j < g and i ^ j, 

(2) Tf J f, I for 2<j<k<l<g when g > 4. 

Proposition 3.9. For g > 3, 'TiiNg) is generated by the following elements: 



Proof. Note that TiiNg) is the intersection of r 2 (iVg) and T{Ng). Hence we have 
the isomorphisms 


r2(fVg)/(r2(iVg) nr(iVg)) - (r2(iVg)r(iVg))/r(iVg) - Z2[Yi,21 


We remark that r 2 (iVg)T(iVg) = A4{Ng) and the last isomorphism is given by 
Lickerish [Tj. Thus TiiNg) is an index 2 subgroup of r2(iVg). 

Set U := {yi, 2 ,1} and X as the generating set for r 2 (A^g) in Theorem l3.81 where 
1 means the identity element. Then U is a Schreier transversal for T 2 {Ng) in r 2 (A^g). 
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For X G r 2 (iVg), define x as the element of U such that [x] = [a:] in r 2 (JVg)/ 72 (JVg)- 
By the Reidemeister-Schreier method, for g > 4, TiiNg) is generated by 

B ={wu~^wu I w G u G U, wu ^ 17} 

r-l 




±1 


Y, 


±1 


1 < * < 3 - 1 , 1 < J < 3, j} 


U \2<j <k<l<g} 

={^iU^^i.2, I 1 < j < 3 - 1, 1 < j < 3, 


where := X U {3 


X G X} and note that equivalence classes of Y- 


□ 


homeomorphisms in r 2 (A^g)/ 72 (fVg) is nontrivial. Since F} = (Y-^^Yi_ 2 ) ^ 

and Yj“^Yi _2 = Y~j^ ■ YijYi_ 2 , we have the following generating set for T 2 {Ng): 

B' ={Y,gYi.2, YY I 1 < f < ff - 1, 1 < j < ff, ^ 7^ j} 

U {Yi^2^T’7g_j, ;Yi_ 2 ,\ 2<j<k<l<g}. 

By a similar discussion, is generated by 

B' ={Y,gY i, 2 , YY I 1 < f < 2, 1 < j < 3, f 7 ^ j}. 

We obtain this proposition. 

Let Q be the group generated by the elements of type (i), (ii) and (iii) in The¬ 
orem ixn Then C/ is a subgroup of TiiNg) clearly and it is sufficient for the proof 
of Theorem 13.II to prove B' C G, where B' is the generating set for 72 (Yg) in the 
proof of Proposition 13.91 By Corollary 13.71 we have 4’ki'^i{Ng^i)~^) C G for any 
^ ^ k < g. Thus YY = £ '(pi{^i{^g-i)~^) C G- We complete the proof of 

Theorem 13.ll if Yjj Yi ^2 and Y{^ 2 Yij^k,iYi ,2 are in G- 

Lemma 3.10. For g > 4, Y{^ 2 Yi^j^k,iYi ,2 G G- 

Proof. Since Y{;^Tl.,^iYi ^2 = ^i 72 ^^iu.fc./^i .2 is a Dehn twist along 

the two-sided simple closed curve as in Figure [TH Then we have ai.k,i{cti, 2 ,k,i) = 
Yi 72 ^(«i. 2 .fe.i) and Yi“ 2 ^ai; 2 ,gai;fe,;(aij,fc,/) = Y{^ 2 i<^i.j,k,i) for 3 < j < g 
and the local orientation of the regular neighborhood of ai.^k,ii,cti^ 2 ,k,i) (resp. 
Y {^2 o-i-, 2 ,jai-^k,liai, 3 ,k,i)) a,nd Y {^2 ( 0 : 1 , 2 ,k,i) (resp. Yj^} 2 ^(q!ij,a,,/)) are different. There¬ 
fore we have 


^ 1.2 Yi^2,k,lYl,2 —^l;k,lTi 2,k,l^l-,k,li 


^ 1,2 Yij^k,iYi ,2 =Yi 2 ^i; 2 ,jO-i;k,iTi j j. ia^,f. iai .2 jYi 2 for 3 < j < g. 

By Corollary 13.71 ai; 2 ,g G C G- We obtain this lemma. □ 

Szepietowski m Lemma 3.1] showed that for any non-separating two-sided sim¬ 
ple closed curve 7 , is a product of two Y-homeomorphisms. In particular, we 
have the following lemma. 


Lemma 3.11 Ifllji. For distinct 1 < i,j < g, 


Y~^Y — Y Y~^ — 


TY for i < j, 

for j < k 
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Figure 14. The upper side of the figure is the simple closed curve 
^i 72 ^(cG, 2 ,fc,/) on Ng and the lower side of the figure is the simple 
closed curve hi 72 ^(Q:ij'.fc.z) on Ng for S < j < g. 


Lemma 3.12. For distinct 1 < i,j < g, G Q. 

Proof. We discuss by a similar argument in proof of Lemma 3.5 in m- Let 7 i be 
the two-sided simple loop on AQui for i = 3,..., 5 as in Figure [15] Then we have 

^U 2 = ’^gilg) • • ■ '04(74)7’3(73) (see Figure [HI). Since 7 * £ 7ri(Af^7i)+, each 
is an element of Q by Corollary 13.71 Hence we have T 12 G G- 

We denote by aij the self-diffeomorphism on Ng which is obtained by the trans¬ 
position of the z-th crosscap and the j-th crosscap as in Figure ITbl aij is called the 
crosscap transposition (c.f. 0)- For 1 < z < j < 5 , put fij £ M{Ng) as follows: 

/1.2 := 1, 

■= ^ 0 - 1,3 • • ■ 0 ' 3 , 4 f^ 2,3 for 5<j<g, 

:= ■ ■ ■ 0 - 2 , 30 - 1 , 2 / 1 J for 2 <i < j < g. 

Then Since the 

action of aij on Ng preserves the set of z-th crosscaps for 1 < z < g, fi,j'f’k{lk)fifl is 

an element of z/’fe'(7ri(iVg7i)) for some k'. By Corollarv l3.71 we have fi,j4’k{lk)fi'j £ 
Q and we obtain this lemma. □ 


Finally, by the following proposition, we complete the proof of Theorem l3.ll 
Proposition 3.13. For distinct 1 < i,j,k,l < g, Y^^iYi j £ Q. 

Proof. Yi^ iYi j is the following product of elements of Q. 

(a) case (fc, 1) = {i,j): 

Yk,lY.,g = YY. 

By Corollary 13.71 the right-hand side is an element of G- 

(b) case (fc,/) = (j,z): 


y3.^^,3 = Yl. ■ Y-^Y,,g 


Lem. [ 3 .Ill 


±2 


= (a)-L,, • 

By Lemma [3.121 the right-hand side is an element of G- 

(c) case k = i and I ^ j: 

Yi^lYij — £ G- 
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Figure 16. The crosscap transposition dij . 


(d) case k ^ i and I = j: 

= Yu,,Yu,, • Y-lY-^ • Y,,uY,,, = (c) • ( 6 ) • (c) € 

(e) case k = j and I ^ i: 

yj,iY,,, = Y,,iY,,, ■ Y-^Y,,, (c) • e*— 'e. 

(f) case k ^ j and I = i: 

1 T/Pm _Lo V Lsm. 

Yk,,Y,,j = Yu,,Y~i^^ ■ Yi,kY,,j ^±2 , ^ - tg 

(g) case {k,l} Cl {i,j} is empty: 

Yu,iY,,, = Yu,iYu,, ■ Y^jY^j ■ Yu,,Y,,, = (c) • (a) • (d) G Q. 


We have completed this proposition. 


□ 


By a similar discussion in Subsection 13.21 and Corollary 13.51 we obtain the fol¬ 
lowing theorem. 

Theorem 3.14. For g > 3, T 2 {Ng) is generated by following elements: 

(i) bu-i,i-\-ij i,fc+i? bu;U—i,k+i for ^ "F: "I ^ 9 1 and 

i ^ k — l,k, 
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(ii) ^1 j for 2<j<g, 

(iii) Tf j f. I for 2<j<k<l<g when g > 4, 
where the indices are considered modulo g. 

Since the number of generators in Theorem 13.141 is ^{g^ + 6g^ — 7g — 12) for 
g > 4: and 3 for g = 3, the number of generators in Theorem 13.141 is smaller than 
the number of generators in Theorem 13.11 On the other hand, by Theorem 11.21 
the dimension of the first homology group Hi{ 72 {Ng)) of T 2 {Ng) is (g) + ( 2 ) “ 1 = 
^{ 9 ^ ~ 5 ~ 6) for g > 4. The difference of them is g^ — g — 1. The authors do not 
know the minimal number of generators for TiiNg) when g > 4. 

4. Normal generating set for T2{Ng) 

The next lemma is a generalization of the argument in the proof of Lemma 3.5 

in [T?| . 

Lemma 4.1. Let 'y be a non-separating two-sided simple closed curve on Ng such 
that Ng is a non-orientable surface. Then is a product of crosscap pushing 
maps along two-sided non-separating simple loops such that their crosscap pushing 
maps are conjugate to ai; 2,3 in A4{Ng). 

Proof of Theorem \l.l\ By Theorem 13.11 TiiNg) is generated by (I) crosscap push¬ 
ing maps along non-separating two-sided simple loops and (II) ^ f. ^ for 2 < j < 
k < I < g. When g = 3, T 2 {Ng) is generated by Tf 2 , T’ys) Recall Tfj = ajj\^ 
when g = 3. Since Ng — aij is non-orientable for g > 3, ak-ij is conjugate to ak>-i',j> 
in Ai{Ng). Hence Theorem 1 1.1 1 is clear when g = 3. 

(k) 

Assume y > 4. For a non-separating two-sided simple loop c on based at 

Xk, by Lemma [2T1 there exist non-separating two-sided simple closed curves ci and 
C 2 such that iffc) = tc^t~^, where ci and C 2 are images of boundary components of 

(k) 

regular neighborhood of c in Ng_^ to Ng by a blowup. Then the surface obtained 
by cutting Ng along ci and C 2 is diffeomorphic to a disjoint sum of Ng- 3^2 and 
W, 2 - Thus mapping classes of type (I) is conjugate to ai; 2,3 in M{Ng). We obtain 
Theorem ll.il for g = 4. 

Assume g > 5. Simple closed curves satisfy the condition of Lemma l4.II 

Therefore j is a product of crosscap pushing maps along non-separating two- 
sided simple loops and such crosscap pushing maps are conjugate to ai; 2,3 in 
Ai{Ng). We have completed the proof of Theorem ll.il □ 

5. First homology group of T2{Ng) 

By the argument in the proof of Proposition l3.9l for g > 2, we have the following 
exact sequence: 

(5.1) l^r2{Ng) ^T2iNg) 

where Z 2 is generated by the equivalence class of a Y-homeomorphism. 

The level 2 principal congruence subgroup r 2 (n) of GLin,Z) is the kernel of the 
natural surjection GL{n,Z) GL{n,Z 2 ). Szepietowski [121 Corollary 4.2] showed 
that there exists an isomorphism 9 : r 2 (A 3 ) —>■ r 2 ( 2 ) which is induced by the action 
of r 2 (A’ 3 ) on the free part of Hi{N^]Z). Since the determinant of the action of a 
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Dehn twist on the free part of is 1, we have the following commutative 

diagram of exact sequences: 


(5.2) 


1 


1 


HiNs) -S- r2(A^3) -S- Z2 


®lr2(W3) 


O 


SL{2,Z)[2] 


e o 
r2(2)^^Z2 


1 

1 , 


where S'L(n, Z)[2] := r 2 (n) fl SL{n,Z) is the level 2 principal congruence subgroup 
of the integral special linear group SL(n,Z). By the commutative diagram (15.21) . 
T 2 {N^) is isomorphic to 5'L(2,Z)[2]. 

Proof of Theorem \1.2i For g = 3, the first homology group Hi{T 2 {Nf)) is isomor¬ 
phic to idi(5'L(2, Z)[2]) by the commutative diagram (15.21) . The restriction of the 
natural surjection from SL{2,Z) to the projective special linear group PSL(2,Z) 
to SL(n, Z)[2] gives the following commutative diagram of exact sequences: 


(5.3) 1 


■M-E] 


■SL{2,Z) 


■PSL{2,Z) 


id 


■M-E] 


■SL(2,Z)[2] 


■PSL(2,Z)[2] 


where E is the identity matrix and P5'i(n,Z)[2] := SL{n,Z)/{±E} is the level 2 
principal congruence subgroup of PSL{2,Z). Since PSL{2,Z)[2] is isomorphic to 
the free group F 2 of rank 2 and —E commutes with all matrices, the exact sequence 
in the lower row of Diagram (j5.3|) is split and S'L(2, Z)[2] is isomorphic to F 2 © ^ 2 - 
Thus Hi(j 2 {N^)) is isomorphic to Z^ © Z 2 . 

For g >2, the exact sequence dSH) induces the five term exact sequence between 
these groups: 

H2ir2iNg)) H2{l2) H^{T2{Ng))i, H^{T2{Ng)) iJi(Z2) ^ 0, 

where 

Hi{T 2 {Ng))^, := H^{j 2 {Ng))/{fm - m | m € Hi{T 2 {Ng)), f € Z 2 ). 

For m G Hi{T 2 (,Ng)) and / e Z 2 , fm := [f'm'f'~^] G P[i(J' 2 {Ng)) for some 
representative m' G 72 {Ng) and /' G F 2 (iVg). Since ^^ 2 (^ 2 ) — H 2 {'M.P°°) = 0 and 
Hi{Z 2 ) = Z 2 , we have the short exact sequence: 


0 ^ Hiir2{Ng))^, Hi{T2{Ng)) -^Z2^0. 

Since Hirose and Sato [5] showed that Hi{r 2 {Ng)) = Z 2 , it is sufficient for the 
proof of Theorem 11.21 when 5 > 5 to prove that the action of Z 2 = T 2 {Ng)/T 2 {Ng) 
on the set of the first homology classes of generators for T 2 {Ng) is trivial. 

By Theorem 11.11 T^^Ng) is generated by crosscap pushing maps along non¬ 
separating two-sided simple loops ior g > 5. Let ip{'y) = be a crosscap 

pushing map along a non-separating two-sided simple loop 7 , where 71 and 72 are 
images of boundary components of the regular neighborhood of 7 in Ng-i to Ng by 
a blowup. The surface S obtained by cutting Ng along 71 and 72 is diffeomorphic 
to a disjoint sum of iVg _3 2 and Ni^ 2 - Since g — 3>5 — 3 = 2, we can define 
a Y-homeomorphism Y on the component of S. The Y-homeomorphism is not 
a product of Dehn twists. Hence [Y] is the nontrivial element in Z 2 and clearly 
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Y'ip{'y)Y~'^ = V'( 7 ) in T 2 {Ng), i.e. \Yil){'^)Y~^] = [i>{'y)] in Hi{T 2 {Ng)). Therefore 
the action of Z 2 on Hi(T 2 {Ng)) is trivial and we have completed the proof of 
Theorem 1 1.21 

□ 

Remark 5.1. When g = 3, we have the exact sequence 

0 ^ Ri(r2(iV3))z, ^ Ri(r2(iV3)) ^ Z 2 ^ 0 
by the argument in the proof of Theorem ll.2l Since Ri(r 2 (iV 3 )) = Ri(r 2 ( 2 )) = Z 2 , 
we showed that the action of Z 2 = r 2 (A^ 3 )/ 72 (fV 3 ) on Hi{T 2 {N^)) is not trivial by 
Theorem II.21 when g = 3. 
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